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ABSTRACT 


One  of  the  basic  difficulties  (aside  frnm  the  mathewati^'oli  in 
the  theory  of  non-local  fields  has  to  do  with  physical  interpretation. 

In  the  case  of  "free  fields"  in  so  far  as  our  formalism  is  concerned 
there  does  not  appear  to  be  much  difference  between  local  and  non- 
local fields.  It  was  for  this  reason  that  we  embarked  on  a program 
involving  the  study  of  non-local  fields  with  interactions  chosen  in 
such  manner  as  to  vanish  in  the  limit  of  the  local  field  approximation, 
if  indeed  the  fields  in  nature  are  non-local  to  begin  with.  Our  con- 
siderations are  restricted  to  the  situation  which  maintains  for  the 
case  of  the  so-called  non-local  electromagnetic  field  as  a convenient 
example  since  the  properties  of  the  ordinary  electromagnetic  field  are 
well  known.  Although  the  form  of  the  interaction  that  we  have  chosen 
is  somewhat  artificisQ,  it  satisfies  the  requirement  of  vanishing  in  the 
local  field  case  and  brings  us  in  contact  with  the  type  of  problem  that 
has  to  be  dealt  with.  In  particular  the  interaction  is  chosen  to  be  a 
local  external  inhomogeneous  electromagnetic  field  and  is  introduced 
in  a manner  similar  to  that  currently  in  vogue  in  the  Quantum  Theory 
Fields. 

It  is  shown  that  our  problem  can  be  reduced  to  the  solution  of 
the  problem  occurring  in  the  usual  theory  for  a " massless"  vector 
meson  in  an  equivalent  external  electromagnetic  field.  This  external 


electromagnetic  field  occurs  as  the  difference  of  the  local  external 


U..  tu^  1 

tk/jf  W1.IW  ' iiC4Xlik^CX  O 


which  occur  in  the  expansion  of  a non-local  field.  Thus  a non' 
local  "neutral"  particle  characterized  additionally  by  the  numbers 
would  take  on  the  characteristic  of  a "charged"  particle  under 
influence  of  the  quivalent  external  electromagnetic  field.  On  the  basis 
of  this  finding  it  would  be  possible  to  take  over  all  of  the  machinery  of 
current  theory  and  at  the  same  time  inherit  their  shortcomings. 
Although  no  numerical  calculations  are  m_de,  this  finding  increases 
our  insight  regarding  physical  significance,  in  so  far  as  our  work  is 
concerned,  of  the  C-  numbers  appearing  in  non-local  field 
theory.  This  result  is  to  be  compared  with  the  significance  attributed 
to  the  for  the  case  of  a constant  external  H field. 

Second  quantization  of  the  free  non-local  field  is  effected  in  a 
manner  different  from  that  effected  for  a scalar  field  reported  else- 
where^2)  substantially  the  same  results.  In  particular,  here, 
upon  anticipating  second  quantization,  the  fields  are  subject  to  a 
unitary  transformation  wMch  in  a certain  sense  localizes  the  field. 
Again  as  in  the  case  for  a scalar  field^^^  the  local  and  non— local 
electromagnetic  fields  admit  of  a net  number  of  quanta  operator  with 
the  aid  of  which  the  energy  and  momentum  and  other  operator  s for  the 
field  in  particular  the  mass  operator  may  be  expressed.  The  energy 


is  positive  definite  while  the  momentum  and  net  number  of  quanta 
operator  are  not. 
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Some  consideration  is  given  to  the  problem  of  the  generalized 
Sehroedinger  equation  for  unitary  transformations  in  order  to  yield 
independently  of  the  commutation  relationships  postulated  for  the 
fields  the  result  that  if  the  field  equations  are  satisfied  the  unitary 
transformation  considered  as  a functional  of  a space  like  surface  is 
independent  of  the  latter.  This  is  effected  for  fields  obtained  via  the 
usual  Lagrangian  methods  as  well  as  via  operational  methods  for 
local  fields.  In  the  latter  an  essential  difference  occurs  due  to  the 
appearance  of  the  net  number  of  quanta  operator  in  the  functional 
equation  for  the  elements  of  the  unitary  transformation.  This  may 
li^ve  a bearing  on  the  concept  of  statistical  equilibrium  in  that  the 
probability  for  transitions  from  one  state  to  another  (under  suitable 
restrictions)  is  found  to  decrease  as  the  net  number  of  quanta  involved 
increases. 

The  results  of  our  investigation  amongst  other  things  indicate 
that  the  operational  methods  yield  novel  results  even  for  local  fields 
as  exemplified,  for  example,  by  the  non-vanishing  of  the  net  number 
of  quanta  operator  even  in  the  limit  of  operator  local  fields.  This 
operator  vanishes  in  the  limit  of  C~  number  fields.  It  can  be  shown 
that  if  we  admit  complex  fields  (Spinor  fields  satisfying  first  order 
equations)  the  four-current  quantum  density  obtained  via  conventional 
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methods  is  identical  aside  from  numerical  factors  from  the  one  obtained 
onr  mpthods.  Such  a current  would  vanish  if  the  fields 

are  real  according  to  conventional  techniques.  Our  operational 
method  indicates  that  a four -current  vector  exists  whether  the  fields 
are  complex  or  not.  This  raises  the  question  among  many  as  to  the 
possibility  of  describing  all  fields  by  means  of  real  (hermitian) 
entities  since  heretofore  the  complex  fields  were  introduced  to  assure 
existence  of  a four-current  vector.  It  is  believed  that  this  question 
as  well  as  others  warrants  investigation  even  within  the  domain  of 
local  operator  fields. 


1 
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I.  INTRODUCTION 


1.  Problem  of  Non-local  Photon  in  Interaction  with  General  j-.ocai 
a . H Field. 


In  an  earlier  report^"^'  consideration  was  given  to  the  problem 
of  the  interaction  between  a constant  H field  and  a non-local  photon 
from  a semi-classical  point  of  view.  V/e  have  left  open  the  question 
of  quantization  of  such  fields.  In  the  case  of  a constant  field 
the  operator  field  equations  were  not  too  difficult  to  solve.  For  a 
general  H field  the  equations  are  such  as  to  necessitate  our 
restricting  the  investigation  to  a study  of  the  possibility  of  reducing 
the  problem  to  that  which  confronts  us  in  the  ordinary  theory.  V^e 
will  find  that  this  can  be  done  in  a mathematical  sense.  However, 
the  reduction  of  the  problem  will  not  imply  that  no  physical  differences 
occur  between  the  theories.  The  structure  of  the  reduced  equations 
are  such  as  to  help  us  make  some  physical  interpretations  (including 
quantization)  using  our  classical  theory  as  a guide. 


2.  Some  Identities. 


Let  us  consider  the  commutator  expression 


t . •.<  .V'-i  ► , ' 


(1.1) 
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where  V.  Is  a local  function: 


V]  = C 


(1=2) 


and  yO  is  one  of  the  displacement  operators.  U on  the  other  hand 

(3) 

Is  a non-local  function.  Moreover,  we  recall'  ' the  following  funda- 
mental commutation  relationships  between  the  displacement  operators 
and  the  space -time  operators  X 


(1.3) 


for  a system  of  units  corresponding  to  the  choice  if]  ^ C z / . 
Now  K.and  U may  be  expanded  in  terms  of  the  basic  fvj^ctlons 


C 

^ t fe., 


and  the  non-iocai  basic  functions 
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respectively  as 


u.Uk)er"f'^e 


(1.4) 


(1.5) 


(1. 4)  is  merely  the  ordinary  Fourier  expansion  of  a local  function 
while  (1. 3)  corresponds  to  the  non-local  Fourier  expansion  of  a non- 
local function.  It  is  to  be  noted  that  y ^ and  ^ are  to  be 
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interpreted  as  4-fold  and  8-fold  integrals  over  the  f^~  space  and 
h ! space  respectively  unless  otherwise  specified.  Upon  intro- 
ducing (1. 4)  and  (1. 5)  into  (1. 1)  we  find  that  (1. 1)  may  be  written  as 


u ((^jk")] 


(1.6) 


upon  noting  that 


(1.7) 


and  redefining  our  suiTimation  variables. 


The  coefficients  of  our  basic  functions  C ^ C ' 


occurring  in  (1. 6)  bear  a striking  resemblance  to  the  operatlohs  in- 
volving matrices  and  vectors  in  quantum  mechanics.  For  if  we  define 
(in  a representation  with  h diagonal) 


<k'lf  (fe)|fc">  =■/•(/(■) 


(1.8) 


<k  I t^(f  )i k"> = (^ ' -I  (1.9) 


then  (1. 6)  may  be  written  as 
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Now  if  we  undertake  to  expand 


^ f'Pir  “ ;?  ^ ^ 


where  is  another  local  function  with  expansion 
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(1.10) 


(1. 11) 


(1. 12) 


we  will  discover  after  using  some  elementary  laws  of  matrix  multi- 
plication that 
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These  results  are  readily  generalized  to  commutator  expressions  of 
higher  order. 

It  may  be  moi-e  convenient  to  work  in  a representation  with 

JXL. 

diagonal  which  we  define  by  the  equations 
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By  the  analogy  which  exists  between  (1. 14)  and  the  commutator  equa- 
tions involving  the  space -time  operators  and  the  displacement 

operators  we  can  with  the  aid  of  our  transformation  functions 


<^'l  k'>  ^ =<k'  I y}""  (1.15) 

rewrite  (1. 10)  in  terms  of  the  ^ *5  . Let  us  obtain  the  structure  of 
1 f given  by  (1. 9).  Since  from  (1.  4)  ^ is  local  we 

may  write 


e‘^’‘  \^,  (t^)  ^ (k) 


(1. 16) 


Consequently,  from  (1, 9)  we  have 
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n.  EQUATIONS  FOR  NON-LOCAL  ELECTROMAGNETIC  FIELD  IN 
INTERACTION  V/ITH  A LOCAL  ELECTROiVLAGNETIC  FIELD 
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From  previous  ivork^^^  the  field  equations  for  a non-local 


Electromagnetic  Field  in  interaction  with  a local  external  electro- 


magnetic fieJd  are 


(2. 1) 


where 


(2.2) 


with  defined  in  terms  of  the  displacement  operator  yP  and 

^ A ^ 

the  external  local  vector  potential  ^ as 


^ - fA-  - ^ a;:^ 


(2.  3) 


where  ^ is  the  coupling  constant  and  where  we  have  taken  '/'i  = C - I . 
In  general  we  cannot  add  in  addition  to  (2. 1)  the  equations 
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unlsss  L ^^r  J ~ const. , which  latter  occurs  only  if  the  external 
E j H field  is  constant.  This  case  has  already  been  considered. 


1 ^ 
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upon  using  (2. 2).  But 


(2.4) 


(2,  b) 
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after  using  the  Jacobi  identity 


[A,6,C]  + [B/-.A]^fC,A,  BJ  ^O. 


(2.6) 


Consequently,  upon  noting  that  the  first  two  terms  on  the  right  side  of 
(2.  5)  make  no  contribution  we  have  upon  adding  the  eqioations  of  (2. 4) 
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However, 
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F 

where  is  the  local  external  field  strength.  In  view  of  (2.8), 


(2. 7)  may  be  written  as 


['J.  l>.-3  +ff^x,Fvr  3 + [P^,  ] - 


Equation  (2. 9)  is  the  analogue  for  our  case  of  the  second  set  of  Maxwell's 


equations  which  are  identities  as  a consequence  of  the  definition  of  the 


field  strengths  in  terms  of  the  vector  potentials.  Inspection  of  (2. 1) 


and  (2. 9)  shows  that  these  equations  are  invariant  if  we  add  to  the 
vector  potentials  A^i.  the  expressions  (ifju. , 3 where  ^ 
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is  a local  function.  For  if  we  denote  by  the  obtained  by 

augmenting  each  by  we  obtain 


which  reduces  to 


F'  = F 

' jLOIT  fj. 


upon  making  the  observation  that  if  is  a local  function  so  is 

and  . ^ rj  and  then  noting  that  the  external  vector 
A(^)  A(*^) 

potentials  m and  r\^  are  local  functions. 

If  now  we  alter  the  external  by  adding  ^ ] we 

observe  that 


r" 

where  denotes  the  altered  field  strengths.  Consequently,  if  we 

alter  both  the  external  and  internal  vector  potentials  by  adding 
ff.,,  ri  , we. find  that 
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corresponds  to  the  altered  . Thus  equations  (2, 1) 

and  (2.  9)  are  must  conclude  then  that  only  if  the  internal 

vector  potentials  are  subject  to  a gauge  transformation  will  the 
Field  equations  be  invariant  unless  the  fields  are  local  and/or 
is  constant. 


Equations  for  Coefficients  in  the  Expansion  of  the  Non-local  Vector 
Potentials  . 

If  we  introduce  (2. 2)  in  (2. 1)  we  obtain 


A'“J  = o,  (2.U) 


Consequently,  if  we  identify  section  2 with  ^ A which 

appears  in  our  definition  of  in  (2. 3)  we  obtain  upon  introducing 


the  expansions 
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(2. 15) 


(2. 16) 


into  (2. 14) 
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Now  we  recal/^^'  that  if 

where  the  are  basic  functions,  then 

d(c^,k)^Tr  U 

so  that  if  (J  - O , then  Cci^^k)  * 0 . From  this  we  must 
conclude  since  ^ are  proportional  to  the  non- 

local Fourier  basic  functions  that  (2. 17)  is  equivalent  to 
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K we  refer  to  the  work  of  section  2 again  we  discover  that  (2. 18)  may 
le  given  an  operator  version  if  we  interpret 


C 


L 


(2. 19) 


so  that  (2. 18)  may  be  written  as 

■ (Vi  "i) 1 3 )}(k^-J  n - <j)  20, 

Another  form  of  (2. 18)  may  be  obtained  by  going  to  a representation 
^ / 

with  the  ) 5 diagonal.  This  may  be  done  with  the  aid  of  our  trans- 
formation functions  (1. 15)  as  in  quantum  mechanics.  For  if  we  multi- 
ply both  sides  of  (2. 18)  by  the  transformation  function  <n  K'> 
and  integrate  using 


I \k'>  rk‘<k'  \ ^ I 


and  then  expressing 
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we  obtain  the  operator  version  in  this  representation  ( ^ diagonal) 


to  be 


where 


(2.  22) 


V/e  have  now  succeeded  in  reducing  the  solution  of  the  original 
operator  field  equations  (2. 14)  to  the  solution  of  operator  equations 
which  customarily  appear  in  quantum  mechanics,  namely  (2. 20)  or 
(2.  21) . The  (^,  k)  appearing  in  (2. 20)  and  the  ^ ^ ^ ^ 
appearing  in  (2.  21)  may  be  looked  upon  as  vector  wave  functions, 
the  former  being  in  a representation  with  S diagonal  and  the  latter 
in  a representation  with  diagonal,  with  ^ and  /?  satisfying  the 
commutation  relationships  (1. 14)  and  further  where  the  ^ and 
are  related  through  (2. 22). 


5.  Equivalent 


tic  Field. 


Further  inspection  of  (2. 21)  indicates  the  striking  similarity 
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which  exists  between  it  and  the  classic  field  equations  for  a massless 
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which  latter  would  vanish  in  the  case 

of  local  fields 


= o. 


It  would  be  appropriate  to  identify 


(V).  23) 


as  the  equivalent  external  electromagnetic  field  that  affects  a non- 
local photon  from  a purely  structural  point  of  view.  Thus  a non-local 
"neutral"  particle  characterized  by  the  numbers  in  a local  electro- 
magnetic field  would  "see"  or  seem  to  be  affected  in  the 

classical  sense  by  the  equivalent  electromagnetic  field  given  by  the 
right  hand  side  of  (2.  23).  Thus  if  we  impute  to  the  C - numbers  ^ 
appearing  in  (2.  23)  a rough  equivalence  to  the  numbers  used  to  describe 
the  position  of  a point  particle  in  classical  mechanics,  we  may  come 
to  some  qualitative  conclusions  regarding  the  behavior  of  a non-local 
"neutral"  particle  in  a local  electromagnetic  field  by  invoking  the 
machinery  of  classical  mechanics.  As  an  example  we  may  consider 
the  effect  of  a local  coulomb  field  on  a non-local  massive  particle. 
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From  (2.  23)  we  would  conclude  that  the  "trajectory"  would  be  equiva- 
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ieni  iy  ihiti.  wlili.u  wOuld  exl3t  for  a charged  particle  in  nr<»R<»ncfi 
of  two  equal  but  oppositely  charged  particles  displficed  by  a distance 
1 ^ J . From  this  point  of  view  we  have  discovered  another  way  to 

**¥V» 

give  significance  to  the  C~  numbers  appearing  in  our  non-local 
plane  waves.  For  in  the  treatment  of  the  problem  of  a non-local 
photon  in  interaction  with  a constant  H field^^^  it  was  found  that 
the  C-  numbers  ^ appeared  in  such  a fashion  in  the  expressions 
for  the  temporal  component  of  as  to  make  it  possible  to  ascribe 
to  the  non-local  photon  a magnetic  and  electric  dipole  moment. 

It  would  seem  possible  to  carry  the  analogy  further  and  utilize 
all  of  the  formalisms  at  our  disposal  to  carry  on  the  program  of 
second  quantization  of  the  fields  appearing  in  (2.  21).  Such  a 

procedure  would  imply  the  imputation  of  the  same  physical  signifi- 
cance to  the  as  was  accorded  to  the  from  the  locaQ  point 

of  view.  However,  it  must  be  recalled  that  we  are  restricting  our 
investigation  to  the  case  of  a possible  interaction  of  a local  E:,n 
field  with  a non-local  field  and  the  conclusions  and  identifications 
that  have  been  suggested  here  may  not  be  valid  for  the  problem  of 
the  interaction  of  two  or  more  non-local  fields. 

The  connection  existing  between  ^ ^ and  nia.y  be 

readily  obtained  from  the  following  considerations.  From  (2.  22)  we 
have 
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= (2.24) 


from  (2- 15)  upon  using  the  factor  so  that  now  the  co- 
efficients of  in  (2. 25)  involve  our  normalized  non-local 

plane  waves  or  basic  functions.  After  introduc  ing  (2. 24)  in  (2.  25) 


we  obtain 


However, 


To  show  this  it  is  merely  necessary  to  take  the  matrix  elements  of 
the  left  hand  side  of  (2. 27)  in  a representation  with  diagonal  to 
discover  that  it  is  equal  to  ^ (Z.  — kO  . Conse- 

quently, (2.  26)  becomes 


(2. 28) 
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As  a summary  we  may  write  the  following  equivalent  expressions  for 
a non-local  function  j\^ 


where 


(2. 29) 


(2.  29)  is  quite  general. 


6.  Differential  Equation  for  Matrix  Elements. 

(3) 

In  view  of  some  previous  work'  ' we  may  express  the  non- 
local function  /!/<- 

by  means  of  the  equation 

. I e‘ i"**"  < Tt  - ^ U ) d 


so  that  upon  comparing  with  (2. 28)  we  conclude  that 
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(2. 31)  states  that  'V^  (/j^  ^ X')  is  obtained  from  the  matrix  ele- 
ments (,1C>  1 1 } by  replacing  by  Xy’'^  and  ^ 

by  )C'  . (2. 30)  can  also  be  written  as 


' I (X'l  I €y''1y  ^ (2. 32) 


upon  noticing  that 


(2. 33) 


(2. 30)  and  (2. 31)  suggest  that  we  could  have  obtained  (2.  21)  or  its 
equivalent  by  making  the  substitution  (2. 30)  or  (2. 32)  directly  into 
(2. 1)  and  using  the  statement  that  if 


(2. 34) 


then 


(xzi  u \ )c  + ty  - o. 


(2. 34a) 


This  statement  may  be  verified  in  the  following  fashion.  If  we  take 
the  matrix  elements  of  (2. 34)  in  a representabon  with  ^ diagonal 
we  obtain  upon  noting  that 
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ConsequenUy,  li  (2.34)  Is  satisfied  we  must  have  ^Y' 

Hence  if  we  replace  Ji'  by  and  ;K"  by  I^+ ^ we  must  con- 
elude  that  (2. 34a)  is  valid. 

If  we  introduce  (2. 32)  directly  Into  (2. 1)  we  obtain  after  using 
(2. 34)  and  (2.  34a)  and  upon  defining 


A^C 

P'  a 

where 

P' 

III 

(2. 35) 


(2. 36) 


(2. 37 


► • ' ■- r'  * f * 


.J-  - V.'w-.  X.-** 


(2. 38)  is  entirely  equivalent  to  (2.  21)  and  the  structure  of  the  equations 

(2. 38)  would  lead  us  to  make  the  same  remarks  (section  5)  regarding 

(2. 38)  as  were  made  regarding  the  structure  of  (2.  21). 
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ui.  THE  FREE  IJCi:  LOC.^L  ELECTROMAGNETIC  FIELD 


7.  Variation  Principle  for  Field  Equations. 


The  field  equations  for  the  electromagnetic  field  may  be 

(5) 

obtained  by  considering  the  trace  of  the  operator'  * 


L - - ^ 


(3.1) 


i I 


where  in  this  section 


(3.2) 


/C\  /q\ 

If  we  proceed  in  the  manner  of  a previous  report'  ’ ' ^ w»e  can  show 
that  if  the  field  equations 


i F/"*"  ] = o. 


(3.3) 
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are  satisfied,  then  the  vector  operator 


(3.4) 


satisfies  the  conservation  equations 
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Furthermore  it  ta*  aauao.ica  


energy  momentum  tensor 


(3.6) 


satisfies  the  conservation  equations 


(3.7) 


R.  Solution  of  Free  Firfrt  Equations  and  Second  quantlzaUon  In 
Canonical  TermsT~ 

The  solution  of  (3. 3)  which  Is  hermitian  may  be  expressed  in 


terms  of  our  bask  functions  as 


firJ\ o.s) 


where 


(3.9) 
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(3. 10) 


to  be  consistent  with  the  supplementary  condition 


= O 


(3. 11) 


If  we  anticipate  second  quantization  according  to  the  commuta- 
tion relationships 

[^"({,k'-),A^(vk"*)j  = (^  tt’)-'  I k'l  £ )x 


(3.12) 
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where  ^ ^ T-S 

and  E (^')  Is  for  the  moment  an  arbitrary  function  of  the  C- 
numbers  , and  with  all  the  other  /A ’5  commuting  we  will  dis- 
cover that  the  terms  involving  the  displacement  operators  ^ in  (3.8) 
may  be  transformed  away  by  means  of  a suitable  unitary  transforma- 
tion. Let  us  consider  the  operator  (hermitlan) 

r - f—nn,  . 1^^)  A r ^ ^ ^ ^ 

/ J //^  5 y'  - « 
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(3. 14)  implies  that  with 


s 5 


SA'U  k"’)5''  ^ e*" 


s A ^ ( a +k")  S'' =e"^ ' "'f 


Consequently,  if  c<‘  is  chosen  to  have  the  value  cfs  given  by 


= _?TrMk|-'  £''C<^), 


(3.1! 


(3.1 


(3.1 


^ / 

then  if  we  denote  by  and  the  expressions  (3. 15)  and 

(3. 13)  with  the  occurring  therein  replaced  by  given  by  (3. 17)j 

(3. 16)  becomes 
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(3. 18) 


s,  A"  ( - W S;'  = e " ' (\  ,-^  X 


However,  we  must  note  that  as  a consequence  of  our  choice  for  b, 


which  may  be  verified  upon  recognizing  that  and  commute 
with  the  rest  of  the  symbols.  is  given  by  (3. 17).  (3. 19)  may 


be  written  as 


S,  i^S;'  = 


(3.20) 


where 


(3. 21) 


If  we  now 


invoke  the  equations  (3. 18),  (3. 19)  and  (3. 20)  we 


discover  that 
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s;a*s;'  J\k  + 


22) 


From  (3. 10)  and  (3.11)  we  obtain 


and  correspondingly  in  view  of  (3. 18)  and  (3.  20) 


Sh’'S;'  = 

Xe-x (3. 24) 


Now  if  we  denote  by  the  expression 


K = k;  9^, 


(3.  25) 


where  is  giver,  by  (3.  21)  we  can  show  in  a manner  similar  to  that 

which  led  to  (3. 18)  that 


s:A'(t.k'"Xs:)--e^''^fr" l\,X\  ) 


(3.  26) 
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where 


S!  5 


(3.  27) 


By  virtue  of  (3.  26)  and  (3.  27),  (3. 22)  and  (3.  24)  may  be  written  as 

S.AS;'  + 

e'“'A  fe*')  cl  ’ fe  <1  “ I ^ 

S,  A°5;''=  - /ikr  - 

(3. 28)  and  (3,  29)  enable  us  to  state  that  the  transformed  vector 
potentials  have  been  localized  in  the  sense  of 


(3.28) 


(3. 29) 


[t:  5;  A^5,'']  = O. 


(3. 30) 


(3. 28)  and  (3. 29)  may  be  written  as 
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(3.32) 


where  S ^ ^ 0 is  the  one  dimensional  Dirac  function  of 

the  indicated  arguments.  In  order  to  preserve  hermitlcity  we 
must  impose  the  condition  that 


- A' 


(3. 33) 
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9.  Calculation  of  Energy -Momentum  Vector  and  Number  of  Quanta 
Operator. 

In  this  section  the  and  ^ ir  which  appear  will  be 
assumed  to  be  the  transformed  expressions  5-,  S;'  and 

S where  S.  is  defined  after  (3. 17).  Furthermore 
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we  shall  denote  by 


4‘(k) 


the  expression 


(3. 34) 


so  that  remembering  our  convention  at  the  beginning  of  this  section 
(3. 31)  and  (3. 32)  may  be  written  as 
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(3. 36) 


If  we  now  introduce  (3. 35)  and  (3. 36)  into  (3. 2)  wb  obtain; 
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(3. 37) 


where 
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F,^(.b)5i[(v  A^(k)-ks^r(k)],  1 
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(3. 39) 


But  according  to  the  usual  Identification  fo*,  " " > 


iP  ^U  -i— H and  F-.  ~ 


(3, 39)  may  be  written  in  vector  notation  as 


Htk)  = -ikXA{k), 


H(k)--'^  kXAlV). 


(3. 40) 
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That  the  ^ vr  given  by  equation  (3. 37)  is  hermitian  may 


be  surmised  by  recalling  our  hermiticity  condition  (3. 33)  which 
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If  we  introduce  three  mutually  orthogonal  unit  vectors 
( k)  C i^) , cl  {?)  which  satisfy: 
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and  from  (3. 42) 


A.(b).(U-'  Ifeiecfe)- A(b), 

with  similar  expressions  for  A(K)  and  Ao  Cfe)  . Conse 
quently, 
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■^k„(er^k)  ACW).  ) 


(3.46) 


from  (3.41),  (3.44),  (3. 45)  and  the  properties  of  -Jil- 
(3. 46)  implies  that  we  can  write 
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H(k)-e  (b)--llfelA(k)' e (k), 


from  (3. 40),  (3. 44)  and  the  properties  of  the  unit  vectors.  Hence 


Hiy.  J M (e/fe).  A (u)  e>)  a Ife  I Ce,  (k)  ■ A ( k))e>) 


.--lkKkJ-'e(k)X  E(k) 


(3. 


The  expressions  for  E(k)  and  H C >^  ) are  quite  slmUar 
to  those  given  by  (3. 47)  and  (3. 49). 

Using  (3. 38),  (3. 39)  and  (3.  49)  we  may  write 


E--flki-'[E(We‘'^’^'^i(k,-iki)+e'^‘'^‘t(k)s(k,+iM)]x 
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From  (3. 6)  we  have 
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From  (3, 4) 
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N-  TA,,  F“^J  - iz  F,J^ 

r - ^^  fA  ■ E - ET.  A J,  e-64) 

- N,=  LA,,  F^"1>/2LA,F**J 

= '^/^LA„,F,J-/zfA„F,J,  or 
N ^i-4CA„f  - FAJf^.rAXH-HXA].  e.ssj 

In  developing  (3. 52),  (3. 53),  (3.  54)  and  (3. 55)  we  used  the  convention 
that  Greek  Indices  run  from  0 tojj  and  Latin  Indices  from  1 to  3.  The 
Indices  were  raised  or  lowered  using  the  flat  space  metric  tensor  lf|' 
or  customary  relations  between  the  F'5  and  the 

t ^ H S were  used  together  with  some  elementary  vector 
analysis. 

Since  the  ^“^commute  with  all  the  rest  of  the  operators,  we 

(2) 

need  not  appeal  to  the  device  developed  in  some  earlier  work'  ' for 

'1/ t' 

integrating  non-local  functions.  \X»e  may  regard  the  >C  as  L-  num- 
bers. If  we  Introduce  (3. 50)  and  (3. 51)  into  (3. 52)  and  cl 

we  obtain  after  making  use  of  certain  vector  identities 
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after  recalling  that 


(3. 56) 


(3.  57) 


Where  5 J ( k + ' ) 1=  ‘he  three  dlraeneional  D.rac  function  of 

the  indicated  arguments.  (3. 66)  may  be  simplified  after  using  the 
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StaCO  £(k)=-E(-k)  ; 'lT(k)--E(4). 

VW*  fcArx  V*^'  \A/V 

If  we  Introduce  (3. 47)  into  (3. 59)  we  obtain 

G“^^^’i:|[(eVk)A(kV)(edk>I(r)) 
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(k)  A (fe-))e 

dn, 

In  the  same  fashion  we  can  calculate  the  momentum  vector  0 
evaluating  from  (3. 53) 


(3. 59) 


(3. 60) 
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(3.  61) 


(3.  59)  and  (3.61)  may  be  combined  into  tlie  foUowing  expression  for 
the  ^ - vector  : 
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(3. 62) 
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Elk)  and  t are  given  by  (3. 59). 

^ %av 

Let  us  now  proceed  to  calculate  the  number  of  Quanta  Operator 
H which  is  defined  to  be 
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where  n is  given  by  (3. 54).  IJow 


N = -/a.[A'f-E- A] 


If  we  insert  (3. 63)  into  (3. 62)  we  obtain 


ch  k . (3 


(3.64) 


But  from  (3. 47)  and  (3.44) 
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> 6k:'  Elfc)  £ Ik), 


{3.  65) 


Similarly, 


A(b).£a)-t(k).A(K)-U:'Elfc).Elk). 


(3.  66] 


Consequently,  (3.  64)  becomes 


N . - 8 Tf ’/|k>'’fE(k)|  Ik)  ^ lkl>e‘‘-'’'‘t(k>£(k) 


eltCiCi)] 


(3.61 


for  the  number  of  Quanta  operator. 

The  structure  of  (3. 67)  and  (3. 62)  suggests  that  we  may 


liken  the  operator 


to  a density  operator  In  such  manner  as  to  Indicate  that 


F(k)cl'‘k 


,t  . cc 
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gives  the  net  uur'').ber  of  Quanta  operator  in  the  volume  k 
in  k-  space.  As  a consequence  of  this  definition  and  interpretation 
(3. 67)  and  (3. 62)  may  be  written  as 


N =y/(K)  an. 


From  (3. 70)  we  may  construct  other  operators  associated  with  certain 
C ^ number  functions  say 


an 


(3.71) 


which  may  be  interpreted  to  correspond  to  the  operator  which  indi- 
cates the  net  contribution  of  the  "particles'' ' }(k)  . For  example, 

in  our  case  then  P r O because  of  the 
appearance  as  factors  in  (3. 68).  However,  if 

/(fe)-n.  iki-  * then  F would  be  positive  definite  and  would 
be  interpreted  to  denote  the  number  of  Quanta,  as  contrasted  to 
in  (3. 70)  which  we  have  interpreted  to  denote  the  net  number  of 
Quanta.  In  the  former  example  :fh)  clearly  corresponded  to 
the  mass  of  the  particle  associated  with  the  ^ - vector  kA  as  in 
the  usual  interpretation.  If  we  denote  by  NP 


the  operator  for  the 


.^,- 

'v^  ';‘';v 
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number  of  Quanta  then  from  the  above  discussion 


U.l''  /(WdH. 


(3.72) 


The  operator  for  the  total  mass  of  the  particles  comprising  the  field 
could  be  defined  as 


(3. 73) 


or 


(3.14) 


(3. 73),  if  taken  as  a definition,  would  in  general  permit  the  appear- 
ance of  negative  masses.  On  the  other  hand  the  definition  (3. 74)  would 
in  general  be  positive  because  of  the  positive  definite  character  of  the 
integrand.  In  any  event  for  the  case  that  we  are  considering  both 
and  ^ make  no  contribution. 

Before  we  close  this  section  let  us  record  for  future  use  some 
of  the  non-vanishing  commutators  involving 

. E(K^)i  N Q . From  (3. 12)  and 
(3. 34)  we  have 
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Upon  using  (3  (-3. 41)  and  (3.  75)  it  can  be  shown  that 


-7i[iKT‘qr,-k'rk',]£(|’)S^(k'-k''). 

If  we  integrate  both  sides  of  (3. 76)  with  respect  to  ^ we  obtain 
from  the  definition  of  A(k)  and  A(k)  : (3.34) 

.^i[ikrr|^^-k;k;]5,(k'-k")/f(t)ci‘‘^.  ( 


In  a similar  way 

[Uk  £,Ck"-)].-iKi[ikTri„-kVk;]^,(k-k'')f4W^^^^ 

[Ar(inN]= 


rAr4.l>'>,Nj-  (3-81) 

[X(|,hN]=-’- kl-' (3.82; 
[e,(0,N]^  b',(k^)  j £ (3-83) 

[E/k*),N]  -i  Tf’  £,(k") J £ (^)  % , (3-84) 

[t,(k), (k-)e-‘^-^^/ £ (.3.35) 


[£r,tk1, cl'*  Cj^j  (3.88) 


(3. 83) 


(3.  84) 


(3. 35) 


and  finally 


i . I 


' v'  - p 

■‘’•£.  -i  -■  » 


10.  Introduction  of  Boson  Operators. 

In  this  section  we  will  continue  to  assume  tiiat  ail  operators 
appearing,  unless  explicitly  stated  otherwise,  are  the  transfor  med 
expressions  S,  S,  ^ S,  ^ S,  ) ' ' ' which  we  shall 
simply  denote  hy  N,  • • • respectively.  is  defined 

after  (3. 17).  If  we  denote  by  J^,(  k ) Uie  6 which  appears 


in  (3. 43)  then  upon  defining 
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AJ  (k)  i 6^  (U  AO?). 


(3.  88) 


uio  find  from  ^3. 75)  after  integrating  with  respect  to  ^ and  using 

V 

the  definition  (3. 84)  that 

[A,(k»'),A,Ck^'")]--  {STf7-'lk'IS,(k'-k")r),,  X 


(3.  89) 


which  implies  in  view  of  (3. 88)  that 


lAt'(k), A]  (k- ")]- is K*)-'  I k' I (k' - k")n- j j(  (^)  ^ (3. 90) 

in  view  of  the  properties  of  our  unit  vectors  . Thus  the 

A ; ( k ) satisfy  the  same  commxitation  relationships  as  the  A,(k'). 
Introducing  (3. 88)  in  (3. 47)  we  obtain 

E(k’)-llkiA;(k-)e,(k*)-UklA;(k*)e  (k*).  (3.91) 

Consequently,  (3. 67),  (3. 60)  and  (3.  61)  become 
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<k^>T<’ZflKll'V^^^  (3.93) 


G =?TF^i,  fifei"  kK(WAl(r)-e‘'i^»"  a:  (fei/i;(kie-*^^']cjl,  o.  94) 


If  we  now  define 


A'(k+Mkl^^  r)i(K^) 

ik-)e'^^f'^  = IkK-  r).  dr)  (Srd)-^ 


then  in  order  that 


we  find  from  (3.  89)  that  the  function  ^ which  we  have  intro- 
duced in  the  beginning  section  (8)  must  be  normalized  to  unity; 


‘t'  <‘‘t  - 


t:  1 . 


(3.  97j 


\A)hether  a suitable  invariant  function  satisfying  (3.  97)  exists  or  not 
cannot  at  the  present  stage  of  development  be  answered.  (3.  92), 

(3.  93)  and  (3.  94)  become  in  terms  of  the  Boson  operators 


52, 


-mr  % 

'!  ' ■.  ' 


f.V'rft.iij'-  .’■''  I 

f 


i.«K 


(3.  98)  may  be  replaced  by  a sum  by  introducing  the  formalism 


of  Dirac  where  for  a function 


UV) 


(3.  S9) 


where  ^ (k)  Is  the  number  of  points  per  unit  volume  in  the  neighbor- 
hood of  any  point  ^ , If  the  continuous  Boson  operators  K|  and 
IT|  appearing  In  (3. 98)  are  replaced  by  the  discrete  Boson  operators 
and  according  to 


n - 5^'  n. , 


and  use  is  made  of  (3. 99)  we  find  that 


(3. 100) 
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However, 


^Kk'  ^ ^3  ( k ’ ^ ^ 


(3. 101) 


(3. 102) 


so.  that  in  view  of  (3.  90) 


(3. 103) 


Thus  from  the  well  known  properties  of  the  Boson  operators  we  con- 
clude that  the  characteristic  values  of  j\)  are  comprised  of  all  positive 
or  negative  integers.  is  positive  definite  while  Q.  is  not.  The 


or  negative  integers, 
characteristic  values  of 


is  not.  The 


are  sums  of  Integer  multiples 


of  Ikl  and  jk  respectively.  Since  the  symbols  used  in  this  section 
are  the  transformed  symbols  involving  the  unitary  operator  S,  defined 
after  (3. 17)  and  since  the  characteristic  values  are  unaltered  by  unitary 
transformations  the  untransformed  symbols  and  N have  the 
same  characteristic  values. 
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IV.  nvrERACTIONS 


11.  Introduction. 

In  this  section  we  will  attempt  to  recast  the  generalized 
Schroedinger  equation  for  unitary  transformations  to  a form  such  as 
to  yield  directly  and  independently  of  the  commutation  relationships 
satisfied  or  postulated  for  the  fields  the  result  that  the  "field 
equations"  are  satisfied  then  $ = const.  In  the  usual  formulation 
of  the  theory  a Lagrangian  function  L appears  in  the  generalized 
Schroedinger  equation  as 


lim-LSM. 


where  t.  C/  y is  a unitary  operator  and  denotes  the  func- 

(7)  I 

tional  derivative  of  a functional  of  the  space-time  surface.  If  L 
in  (4. 0)  is  a "free"  field  Lagrangian,  it  is  not  at  all  apparent  that 
S = const,  unless  one  undertakes  to  make  further  assumptions 
regarding  the  commutation  relationships  and/or  appeals  to  representa 
tions  of  one  kind  or  another  as  in  the  usual  arguments. ' ' It  is 
believed  that  the  Lagrangian  function  which  appears  in  (4. 0)  should 
be  constructed  in  a manner  which  renders  manifest  the  statement 


S(a-) 


denotes  the  func- 


= const,  for  free  fields. 


I 

I 
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It  would  be  possible  within  the  framework  of  the  classical 
theory  of  number  fields  to  arrange  for  a modified  L_  to  vanish. 
For  example,  the  Lagrangian 


.ir  JO 


could  be  written  as 


which  Involves  a term  of  the  form  of  a divergence  which  presumably 
makes  no  contribution.  The  original  Lagrangian  t-  and  the  modified 
Lagrangian  L ; 


L'  = - rY“"  U ^ 


'■"i  ‘ k 

. fr 


would  yield  the  same  field  equation  upon  insertion  into  the  classical 

action  principle.  Moreover,  it  would  be  possible  to  construct  a 

I ^ 

stress-energy  momentum  tensor  corresponding  to  via  the  methods 
of  general  relativity^^^  /(or  the  usual  canonical  formalisn^  upon 
replacing  L by  its  covariant  generalization 


L'  - - U Li; 
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where  is  the  metric  tensor  and  ( denotes  cover iant 


differentiation  relative  to  the  metric 


This  however  is  of  no 


import  to  us  at  the  present  time.  It  is  clear  that  the  insertion  of  a 


I / 


symmetrized  t-  say 


1 ' i-  1 1 I i 


into  (4. 0)  would  yield  the  desired  property  = const,  if  the  field 
equations  are  satisfied  (in  our  ca:>e  Q U = 0 ).  It  would  be  possible 
in  this  manner  to  obtain  modified  "free"  field  Lagrangians  for  all  of 
the  fields  of  current  interest.  The  above  procedure,  however,  suffers 
a defect  in  that  it  is  not  independent  of  the  manner  in  which  the  classical 
fields,  which  are  promoted  to  be  operators  in  Quantum  Theory,  are 
represented.  In  order  to  make  some  progress  in  this  direction  in  the 
next  part  of  our  investigation,  we  shall  assume  from  the  outset  that  the 
symbols  entering  our  equations  are  operators  and  for  simplicity  we 
will  take  our  fields  to  be  local. 


which  is  a func- 


12.  Transformation  Theory. 

Let  us  consider  the  operator  Lagrangian  L 
tion  of  some  fields  ^ A » ’2-/  • ' , the  displacement  operators 
•)  some  other  given  functions  of  the  space - 

The  consideration  of  the  first 


time  operators  , say 
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variation  of  the  trace  of  L.  expressed  in  terms  of  the  variation  of 
J~/\  ^ and  J g leads  to  the  expression 

STr  L. 


(4. 1) 


which,  if  the  variations  arise  from  an  arbitrary  infinltesmal  similarity 
transformation,  implies  the  identity 


i\/l  6 1 _ ^ 

i M 


(4.2) 


Because  of  (4.  2)  we  may  write 


F'<, 


(4.3) 
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which  we  will  define  to  be  our  modified  Lagrangian.  If  (4. 3)  is  con- 
structed so  that  is  herraltian,  then  if  we  consider  our  fields  to 
be  local  the  functional  equation 


(4.4) 
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with  given  by  (4. 3)  defines  a unitary  operator  S , Now  since 
we  are  assuming  that  is  a given  local  function  then  the 
expression  - o in  (4. 2)  so  that  we  need  not  be  con- 

cerned With  tne  expressions  invoivluy  J g 
into  consideration  we  will  define 


• iA  ry\  tt  JXt.  i.Ui^ 
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and  insert  it  in  place  of  jC  which  appears  in  (4. 4). 

V^e  will  now  show  that  if  the  field  equations  are  satisfied 


(4.5) 


o 


(4.6) 


then  Sicr)  = const.  In  order  to  show  this  let  us  first  rewrite 
(4. 4)  with  JL  replaced  by  jC 


as 


?icr)S((r)-^S((r), 


where  in  a representation  with  diagonal 


(4.7) 


8) 


where 


is  the  four  dimensional  Dirac  function  and  it  is  to 
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be  understood  that  is  defined  in  connection 

with  other  functionals  of  the  surface  (f  . Now 

V.  1 1 u'  //  n-»  / ! '-^  / ''  \f-  t !*  ■ ' ~ ' 


(4.9) 


Also 


(t\M.(r}P(<y)\h')-‘if(j^'\hioj\t'),^^^  ' (4.10) 

I A'J  IX-  / 


upon  introducing  (4. 8)  and  using  the  rules  of  matrix  multiplication. 


D 1 4-  _ 
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where  C denotes  the  contribution  of  the  argument  upon  evalua- 

tion on  CT  . Applying  this  result  to  (4. 10)  we  obtain 


<^'  i A {(T)  P y)  \yC)^  (.i!  I A Mix.-  (4. 11) 
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owing  to  the  circumstance  that  the  evaluations  of  L for  this  case 
vanish.  (4.  9)  and  (4. 11)  are  such  as  to  indicate  that  F {(T ) is  an 
hermitian  operator.  For  upon  introducing  A («').!  we  discover  that 

<x'  I F(r)  I X">  = (z"lF(<r)  1 (4.12) 


upon  recalling  that 

<r'  l;t">  ^ (z"  Ik'>  = ^ (z-  Z")  ■ (4.13) 

If  we  now  take  the  matrix  elements  of  (4. 7)  in  a representation 
with  X/  ~ diagonal  we  obtain  from  (4. 8)  and  recalling 

(z‘  x">=  ^ iz'-z“)j  (4.14) 


r,  ■■  -■' i.-'  ' '•I'.  .'-  ‘'--1  . • r ^ ^ Tf^-  ' 

‘f:-  ’ : St.u  V . 


Since 


i (fix)  Jrf 


Now  if 


and  S (iTm)  are  presumed  diagonal  in  a representation  with 
X-"  diagonal 


I r S (r k*  > d M - 

S(<rU)) 

where  l\l  (r)  ^ d . (4.15) 

Hence, 


Therefore, 


(♦)  This  replacement  is  possible  only  in  case 


Si.^) 


However,  we  shall  define  symbolically 


= const. 
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I f,  sw  I r>  - I ms  (a-)  ix*>, 


so  that  if 


F"  = o 


|^<^' I('  + N(<r))  S i<r}\p‘y\  - 0 . (4.1S) 

Remembering  that  if  - 0 , N (^}  is  independent  of  (T 

(4. 16)  possesses  a solution  of  the  form  f-s;(n)  of  which 
a simple  unitary  form  can  be  exhibited  in  the  form 


(4. 17) 


where  ^ is  a real  C - number. 

In  general  we  would  have  in  the  case  where  both  / ^ and 
1~  ^ are  diagonal  in  the  representation 

I (i  +1^(0-}]  ${(r)h'9]  = is) 

whether  the  field  equations  are  satisfied  or  not. 

{4. 18)  can  also  be  written  as 
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I +N(l')]  S((T')I  t-'> 


(4.  IS) 


which  would  imply  that 


‘ S^)  f I ■*■  N (o')]  Sid")  c.  S'  ((T)  , (4.20) 

An  integral  equation  corresponding  to  (4.  20)  which  incorporates 
the  "initial"  condition  ,S  W- 1 on  0 ^ is* 

S'CiT ) «[i  tM  (<?')]"'  [i + N )J  -ifi  tN  (<r  )Y  I jdV.  (4. 21) 


It  is  apparent  that  (4. 20)  and  (4, 21)  differ  from  the  usual 
functional  equation  for  the  operator  S J since  it  involves 


the  expression 


N(/j 


defined  by  (4. 15)  which  from  some  earlier 


*It  is  to  be  noted  that  (^)j  is  symbolic  and  is  defined  by 

U(<rj=L!+MW]"  F (r)  where  IJCoV  satisfies 

uwt/  clc^(^%  F(r). 
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work  we  hav^  defined  to  be  the  operator  for  the  net  number  of 


Quanta,  If  we  proceed  to  solve  (4.  21)  it  seems  to  indicate  that  the 
matrix  elements  of  S in  the  first  approximation  would  involve  the 


reciprocal  of  the  net  number  of  Quanta  plus  unity  so  that  as  the  net 
number  of  Quanta  involved  increases  the  probability  for  transitions 


from  one  state  to  another  would  decrease  in  a manner  involving  the 
square  of  N 4 ) . Qualitatively  this  finding  implies  S’ I 


as  the  net  number  of  Quanta  increases.  Consequently,  if  our  obser- 


vations are  vaii<^  the  probability  of  transitions  from  one  state  to 


another  for  assemblages  which  involve  large  net  numbers  of  Quanta 
is  small.  * This  may  be  another  approach  to  the  concept  of  statistical 


equilibrium,  ^ approach  which  stems  directly  from  the  introduction 
of  the  operator  which  appears  naturally  from  our  manner 


for  obtaining  Operator  identities  %valid  in  any  representation.  The 
demand,  however,  that  our  field  eqxaations  be  obtained  in  a manner 


independent  of  the  representation  has  as  a consequence  altered  the 
usual  form  for  the  generalized  Schroedinger  equation  through  the 
appearance  of  N (<r')  in  (4. 21). 


* Assuming  that  the  matrix  elements  of  the  inte'^action  do  not  involve 
powers  of  N higher  than  unity. 
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GOVERNMENT  PROCUREMENT  OPERATION,  THE  U.  S.  GOVERNMENT  THEREBY  INCURS 
NO  RESPONSIBILITY,  NOR  ANY  OBLIGATION  WHATSOEVER;  AND  THE  FACT  THAT  THE 
GOVERNMENT  MAY  HAVE  FORMULATED,  FURNISHED,  OR  IN  ANY  WAY  SUPPLIED  THE 
SAID  DRAWINGS,  SPECIFICATIONS,  OR  OTHER  DATA  IS  NOT  TO  BE  REGARDED  BY 
IMPLICATION  OR  OTHERWISE  AS  IN  ANY  MANNER  UCENSING  THE  HOLDER  OR  ANY  OTHER 
PERSON  OR  CORPORATION,  OR  CONVEYING  ANY  RIGHTS  OR  PERMISSION  TO  MANUFACTURE, 
USE  OR  SELL  ANY  PATENTED  INVENTION  THAT"MAY  IN  ANY  WAY  BE  RELATED  THERETO. 


